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Why Statistical Shape Model (SSM)?

SSM of a shape population

@ Better understanding
mean & typical range of shape variations

© Compact representation
mean + linear combination of variations Cam impingement

© Classification
Medical diagnosis etc.

© Shape construction >
Patient-specific modeling etc. i l

Figures courtesy of American Academy of Orthopaedic Surgeons (AAOS) Knee implant
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What is Statistical Shape Model?

— O
—
)

Box-bump Femur
Mode 1 Mode 2 Mode 3

SSM

@ SSM = mean + modes
@ Mode: shape variation pattern

Thesis: Direct Reparam. SSM Kang Li
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How to get SSM?
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@ 6 shape, each represented by 50 points (landmarks)

@ The i-th shape: X; = [chl),ygl)mf)?yf), s xl(so),yl(50)]T
T00X1
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Statistical analysis steps

81 =-3.00y/A;

Mean X and mode vector V1 Mode 1: X + B1v4

@ Meanshape: X = (X;+ X2+ ...+ Xs)/6
100x1
@ Shape data matrix: X, = [X; - X,X; — X, ..., Xs — X]
100x 6
@ Principal Component Analysis (PCA) by eigenvalue decomposition

X!I'X. v =Av = Variations {\,,}, Eigenvectors {v,,,}(m = 1,2, ...,6)
6x6 O0x1

@ Mode vector from eigenvector: v,, = X. v,
100x1 100x6 6x1

@ Mode range parameter 8, € [—3v/Am, +3vAm

Thesis: Direct Reparam. SSM Kang Li
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Shape variation pattern ~ shape correspondence

ol b o N pd v TV

] e T e e e

Poor correspondence Good correspondence

Unreasonable variation Reasonable variation
Thesis: Direct Reparam. SSM Kang Li
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Manipulate correspondence by reparametrization

205
Physical domain (bad Physical domain (good
coresp.) coresp.)
L | 0 . |
0 u 1 0 OL'JS oo u 1
Parameter domain Reparametrization function Parameter domain

@ Shape 6 as an example

@ Shape parametrization (physical ™22 parameter) required

@ Correspondence manipulation ~ landmarks redistribution
@ Landmarks redistribution achieved by reparametrization

Thesis: Direct Reparam. SSM Kang Li
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Correspondence manipulation on curve by R(u)

S(b)
K@) 4 S@ S(b)

Physical domain: landmarks

\ a a |
B
0 u 1

Parameter domain: landmark points

>

[>o

Raparameterization function R(u)
@ Correspondence manipulation ~ Landmark redistribution
@ Shape parametrized by S(u), reparametrized by R(u)
@ Landmark S(u) moves to S[R(u)]

Thesis: Direct Reparam. SSM Kang Li
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Reparametrization by concatenation: curve case

R(u) to model Composition of 4 Cauchy kernels

@ Conventional reparametrization: sequential concatenations
@ Local reparametrization: Cauchy kernel
@ Cumbersome and inefficient

Thesis: Direct Reparam. SSM Kang Li
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Proposed direct reparametrization: curve case

R(u) to model Single B-spline function

@ R(u) =37 o Bip(ub, 0<u<1l;i=0,..,n
@ Diffeomorphic constraint: b; — b; 11 <0, 1=0,1,....,n— 1.

Thesis: Direct Reparam. SSM Kang Li
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A reparametrization example

1, ?5) A
—D(u)
o {b} B
D ,,,,,,,,,,,,,,,,,,,,
b _
R ‘ c
o |
A f
d |
0 a c d 1

Landmarks before reparam. Reparmeterization function Landmarks after reparam.

@ More complex geometry: hand contour

@ Arbitrary landmarks redistribution achievable

Thesis: Direct Reparam. SSM Kang Li
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Correspondence manipulation on surface by R(u, v)

1 1
08 0.8
06" 0.6, RSN
- (o g . ///O’/,,\\\\\;
N o N N
LTINS
0.4° oy 0.4 . ///,\D\O:*:‘\‘
0.2 02
0 ‘ 0
0 02 04 06 08 1 0 02 04 06 08 1
u u
Physical domain: landmarks Parameter domain: Raparameterization function
landmark points R(u,v)

@ Correspondence manipulation ~ Landmark redistribution
@ Shape parametrized by S(u, v)

@ Precisely controlled by reparametrization function R(u, v)

Thesis: Direct Reparam. SSM Kang Li
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Reparametrization by concatenation: surface case

1 1
0.8 ) 0.8
PP N S LN
0.6 Y RN 06 / AAOARE
2NN [ soN
> ’ ’ //,/?,\\\\\ N S L /C{/// \
04 . SN [P !
K A NN 0.4 \ LS
0.2 k 0.2
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
u u

R(u,v) desired

@ Conventional reparametrization: sequential concatenations
@ Local reparametrization: Clamped Plate Spline warp
@ Cumbersome and inefficient

Thesis: Direct Reparam. SSM Kang Li
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Proposed direct reparametrization: surface case

1
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0 0.2 0.4 0.6 0.8 1 0 0. 0.4 0.6 0.8 1
u u
R(u,v) to model By a single 8 x 8 B-spline
ny ng nip n2
U U v v
R*(u,v) =Y > Bip(u)Biq(v)bij; R (u,v) = > > Bip(u)Bjg(v)bi;
i=0 j=0 i=0 j=0

0<u,v<1l;9=0,..,n1; 7=0,...,n2

Thesis: Direct Reparam. SSM Kang Li



Introduction  Direct Reparam. Aorta Proximal Femur Covariance Matrix Conclusion 14/47

Diffeomorphic constraint: Jacobian positivity

1111“1111“1‘1’11“11“1 1 IAdEEEEEEEEAANEEEEEEEA A
T {I||||||I||||I||TIII 1.6 ) A A A A A I I 1 1.6
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t B0.4 T 0.4
0.2 A 0.2
T 0 | IENENI IIIII_MM: 0
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u
Valid deformation Invalid deformation
OR"(u,v)  IOR“(u,v)
ou ov
J(u) = , >0, V(u,v)e€|0,1].
( ) ORY(u,v)  ORY(u,v) ’ ( ’ ) [ ’ ]
ou ov
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Correspondence optimization formulation

@ Description Length (DL): the message length for transmitting
statistical model: x, {v,,} and {\,,}

@ Simplified version as objective function

ng—1
f=DL= Z L
m=1
14 log(Am /A Am > A
where L,, = +1og(Am/Aaut) out
Am/Acut otherwise
@ Optimization formulation
min f(b) = Z |:l + log LC (b):| + Z Lﬂ(b) (1a)
b Ai 2 Acut et Ak <Acut Acut
st [CT(b)C(b)] vi(b) = Ai(b)vi(b) (1b)
vg(b)vk(b) =1, k=1,..,ng (1c)
g(b) <0 (1d)

Thesis: Direct Reparam. SSM Kang Li
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Direct method

@ Eigen decomposition form:
Ci'Cvyp = nvm (1); vIiv,, =1 (2)

@ Consider sensitivity for f(a, A, V)

Adf(@)  Of <& f Am < Of \ OV X Of(N) O
b, b, 2= 9N, b, +Z av,,) b, _; o\, Ob,

@ Differentiating (1) and (2) w.r.t b, for each ¢ gives

v, OA a(Cctc) ov
— T m = Tim =
()\mInS C C) o, +Vo a, a, Vo Vo, a, 0
@ Direct sensitivity: solve for 2 b , 3()‘27“ directly and plug into (3)

0 VT
VTTL )\’UL ns CTC

N
b, 0

= a(cTC)
8171, ob,. Vm

Thesis: Direct Reparam. SSM Kang Li
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Adjoint method

@ Introduce Lagrangian with (1) and (2) as constraints
L=f(A +Z um CTC Vin — AmVim +Z N (VE v —1)

Adjoint variables u,, and n,, are just Lagrange multipliers
@ Differentiation of (4) w.r.t b, gives

df & Ta(cTc)v i ( of T )aAm

Tm - ] K 8br 8/\ KBy Vm 8br
+Z“ (CTC = Al,.) + 2pv] 2o
" s " b,

m=1

@ Adjoint sensitivity: solve (6) for u,,, and n,, and plug into (5)

Vin 0 7 [1n] _ |oxe
CTC_)\mIns 2Vm Tim N O

8/\777, avm,
0b,.

Adjoint equation* (6) avoids the need to compute %

Thesis: Direct Reparam. SSM Kang Li
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Experiment 1 (curve): hand

O Control Point o

40 hand contours B-spline representation

@ Data courtesy of Technical University of Denmark

Thesis: Direct Reparam. SSM Kang Li
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Correspondence before vs. after optimziation

Shape 1 (fixed) Initial: Sa1(u) Optimized: S21(R(u))

Thesis: Direct Reparam. SSM Kang Li
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Statistical mode before vs. after optimization

S

B1 = —3vV 1 B1 =0 (mean) =43V

%:é\%ﬁ

B =—3vV 1 B1 =0 (mean) = +3vV\1
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Time cost comparison: concatenation vs. direct reparam.

700
---Cauchy
680 . —Bsp. nb=4
—Bsp. nb:lZ
060 \‘\ —Bsp. n =20
B 640 .
620
600
580
10° 10° 10" 10°

Thesis: Direct Reparam. SSM

Optimization / Iteration Number

DL w.r.t iterations

Kang Li

700
680
660

A 640
620
600

580

---Cauchy
—Bsp. nb=4

—Bsp. nb:lz
—Bsp. nb:20

10°

10° 10 10°
Time cost (s)

DL w.r.t time cost



Experiment 2 (surface): plane-bump
i o
{ L

R,

Plane-bump geometry

Knot Curve

© Control Point

B-spline represented plane-bump 4 instances superimposed
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Correspondence before vs. after optimziation

5 feature points fixed on Shape 2

Corresponding points on Shape 4 Corresponding points on Shape 4
before optimization after optimization
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Time cost comparison: concatenation vs. direct reparam.

56 56
---CPS ---CPS

—Bsp. n =4x4 —Bsp. n =4x4
—Bsp. nb=8x8
°. —Bsp. nb=12x12

. | —Bsp.n =8x8
52 : b 52

*, —Bsp. n =12x12

| Y -
o Y [a)
\s
48 5\ 48
44 44
10°  10° 10° 10° 100 10°
Optimization / Iteration Number Time cost (s)
DL w.r.t iterations DL w.r.t time cost
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Time complexity of analytical gradient

=
o

0.05 - .
—#-Direct 9t —=Direct
—e-Adioi —-@-Adjoint
0.04 Adjoint 8
@ 7
— 6
©0.03 17}
1 35
= o 4
=0.02 £
E 3
2
0.01 1
_‘Ml 0e
50 100 150 200 250 5 10 15 20 25 30
Reparam. B-spline n, Shape No. ng
Vary ny = np1npe Vary ng

@ Adjoint sensitivity scales better w.r.t n, and ng

Thesis: Direct Reparam. SSM Kang Li
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Aorta anatomy
1. \JV

2

Ascending aorta Front view Back view
(anterior view)

@ 1) Ascending aorta; 2) Aortic arch;
@ 3) Left coronary artery; 5) Right coronary artery;
@ 4)

)

Left coronary sinus; 6) Right coronary sinus;
7) Non-coronary sinus

Thesis: Direct Reparam. SSM Kang Li
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Input raw triangle meshes

@ From CT images

Shape 1 Shape 2 Shape 3 @ 6 patients

@ Shape 3 with
severe aneurysm

@ Courtesy of Georgia Tech

Shape 4

Thesis: Direct Reparam. SSM Kang Li
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Generatrix construction

Shape 3

Shape 4 Shape 5

@ Consistent cylindrical topology

Thesis: Direct Reparam. SSM Kang Li
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Training set B-splines fitting

Shape 1 Shape 2 Shape 3

Shape 4

Thesis: Direct Reparam. SSM Kang Li
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Statistical modes analysis

—301 Mean +3a1 —303 Mean +30 —303 Mean +303
l | | | l |

Mode 1 Mode 2 Mode 3

@ Mode 1: Ascending aorta dilation, A1 = 2.06 (64.5%)
@ Mode 2: Coronary sinus dilation, A\ = 0.44 (13.8%)
@ Mode 3: Annulus dilation, A5 = 0.38 (11.8%)

Thesis: Direct Reparam. SSM Kang Li
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Raw proximal femur data

Shape 1: HIPO1-FRF.STL

@ 29 proximal femur meshes
@ 17 patients

@ 13 healthy, 16 unhealthy

@ Courtesy of RUSH hospital

Thesis: Direct Reparam. SSM Kang Li
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Correspondence improvement

Reference shape feature line 1 A non-ref shape corresponding
line 1 before (red) and after
(blue) optimization

@ Feature line: intertrochanteric line
@ Improvement noticeable at the greater trochanter eminence
@ Similar improvement observed in unhealthy group

Thesis: Direct Reparam. SSM Kang Li
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Statistical modes analysis: healthy group

Mode 1: 43.007, Mode 2: 43.000, Mode 3: 4300,

05

‘ﬂ m !

Head Neck valley Neck trochanter)

Y &-P m’

@ Mode 1: femur head ball enlarging and the trochanter shrinking (4.3mm)
@ Mode 2: additional thickening pattern of intertrochanteric valley (1.2 mm)
@ Mode 3: bone material depositing at femur neck near trochanter (0.7mm)

Thesis: Direct Reparam. SSM Kang Li
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Statistical modes analysis: unhealthy group

Mode 1: +3.000, Mode 2: +3.000, Mode 3: 43,000,

o 05

Head Head Neck (head)

Mode 2: 4300, Mode 3:+3.000,

T

@ Mode 1: femur head ball enlarging and the trochanter shrinking (3.9mm)
@ Mode 2: femur head ball enlarging (1.7 mm)
@ Mode 3: bone material depositing at femur neck near head (1mm)

Thesis: Direct Reparam. SSM Kang Li
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Statistical modes analysis: unhealthy group

-1.5 -1 -0.5 0 0.5
.
!
Superimposed Shell distance field

@ Bone material (0.7mm) of unhealthy mean on unhealthy mean

@ Probable cause of cam impingement among unhealthy group

Thesis: Direct Reparam. SSM Kang Li
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Discrete covariance matrix

@ Suppose training set of ng shapes {S;} (i = 1,2, ...,ng)

» Landmark: x\/) = [mﬁj)7y§j),z§j)] €S (jel1,2,...,np)
» Shape vector: X; = [x§1>,x§2>, N E”P)]

@ Mean shape: X = - LS X

@ Shape data matrix: X = [X; — X, X, — X, ..., X, — X]

@ Discrete covariance matrix

R o\ T . 1
D:ns_lz(xi—x) (X; —X) = xTx

i=1
Or entry-wise definition: D, ;, = ﬁ (Xi, —X)" (X, — X)
5 —
@ PCA for SSM variation {\,,} and modes {v,,}

D Vi = )\mVnL

Thesis: Direct Reparam. SSM Kang Li
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Continuous covariance matrix

@ Mean shape: S(u) = ni > Si(u).
S

=1
@ Continuous formulation I

C{m L1 /u [Si, (u) — S(u)]T [Si,(u) — S(u)] du

ng — 1

@ Continuous formulation IT

| 180 = 8] 81w~ S(0)] [3(w)]
Chli, :
(ng—1) /|J )| du

dS(u)

» Curve: [J(u)| = |=,

9 S (u,v) Bg(u,v)
ou ov

» Surface: |J(u,v)| =

Thesis: Direct Reparam. SSM Kang Li
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Continuous formulation 7 with analytical integral

@ Bézier curves: S;(u) = >0 B’?(u)Py), u € 10,1]

12
Che = | > B du

min(j,p) (l)( )ﬁ(ll)Tf)(Q)

_ -l
Z 2 (*")(ns =1)2p + 1)

j=0 l=max(0,j—p)

p q
@ Bézier surfaces: S;(u) = > Y BY(u)B{(v)PV), ux v € [0,1]

2p 2q min(j,p) min(k,q)

Chia=2_> > >

J=0 k=0 l=max(0,j—p) m=max(0,k—q)

(p) (p )(q)( q )P(H)TPOz)

1) \j—lI k—m j—lLk—m

) () (ns — 1)(2p+ 1)(2q + 1)

J

@ B-spline curves/surfaces: summation over knot spans

Thesis: Direct Reparam. SSM Kang Li
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Continuous formulation I with analytical integrand

@ Bézier curves

[0S mrwsr el B aw
7=0 k=0
1112 1p—1

(ns—1)/0 ZB’“ u) Py, du

where P, = p(Pyy1 — Py). and

min(j,p)
aen_ "3 D6 porp

l=max(0,j—p) (2]7’)

(i2)
7=l

@ Similar for Bézier surface and B-spline curves/surfaces

@ Formulation I and II can be approximated by quadrature

Thesis: Direct Reparam. SSM Kang Li
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Incorporation of reparametrization

41/47

0 Cliy = iy [ SR ()78 Ry ()
Shapes {S;(u)} Reparam. {R;(u)}| Gauss Pt. No.
Type Degree Degree ne
Bézier curve D — p+1
Bézier surface | p x ¢ — (p+1D(g+1)
B-spline curve D — p+1
B-spline surface| p x ¢ — (p+1)(g+1)
Bézier curve D d pd+1
Bézier surface | p x g dxe (pd+1)(ge+1)
B-spline curve P d pd+ 1
B-spline surface| p x ¢ dxe —

@ C

o SR S R () (R du

0112

(ng—1)

Thesis: Direct Reparam. SSM

/M I(R(w))| du

Kang Li
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Discrete covariance matrix of qurater circles

R

4 quarter circles Angle span X-coordinate Chordal dist.
0.159 0.175
o Ofe) ‘; Ofc
® B (d) A o(d)
o Al : Al
o ) gz
ﬁg%@ 0 OoOm O OO0 - DDQ]
813%2 A O 00® O 0o 0.131 06 ™ o0 pom o ooo
A
A%AA SN A
0.12 A AMA A ANM 0.12 A0 & ot
0.113 0.108
16 102 10°  10* 16 102 10° 10
Sampled point number Sampled point number
Discrete points Discrete points weighted

Thesis: Direct Reparam. SSM Kang Li



Introduction  Direct Reparam. Aorta Proximal Femur Covariance Matrix Conclusion 43 /47

Continuous covariance matrix of qurater circles

0.159 0.175

ICl
C]

0.1284h 0800000000000 00S

0.12%00BBBABAAAAALNALS

>< 08T 40 15 20 0185 <5 15 20
o e Control point number Control point number
Fitted B-splines Formulation | Formulation Il

@ Discrete formulation subject to sampling density/pattern

@ Continuous formulations independent of sampling density/pattern

Thesis: Direct Reparam. SSM Kang Li
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Line-bump shapes and two reparametrizations

0 02 04 06 08 1
02 .04
®
0.8

._/( 0.6
) e —

0 1
Original parameterization

0.4
®

0.2/
..... ._......._.

0 1
Reparameterization R, (u)

06

Thesis: Direct Reparam. SSM Kang Li

1
R,(u)
=0.5 \t@f\x’
R,(1)
% 0.5 1
u

Reparameterization Ry (u)
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Covariance matrix convergence under reparametriation

21.33,

19.74

18.06

C'(Ro)

8.22 > 3
10 10 10
Landmark no. Ny

10

Formulation | Formulation 11

@ Formulation II is independent of parametrization

Thesis: Direct Reparam. SSM Kang Li
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Influence on correspondence optimization: C’ vs. C!

Formulation | Formulation Il

@ Compare optimized landmarks by using C! and C!

@ Formulation II yields more reasonable landmark distribution

Thesis: Direct Reparam. SSM Kang Li
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Summary and outlook

Thesis contributions
@ Direct diffeomorphic reparametrization achieved through B-splines
@ Full differentiability of objective function w.r.t optimization variables
© Adjoint method for analytical gradient computation
@ Analytical form and efficient numerical quadrature for covariance matrix

© Viable application to real medical data with valuable clinical insights

Future work
@ Extension from single patch to complex topologies

@ Experiments with larger data pool

Thesis: Direct Reparam. SSM Kang Li
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